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Abstract 

Compactness criteria for fuzzy sets spaces endowed with Lp metric have been 
studied for several decades. In metric spaces, totally boundedness is a key 
feature of compactness. However, compare the existing compactness criteria 
for fuzzy sets spaces endowed with Lp metric with Arzela-Ascoli theorem, we 
can see that the latter gives the compactness criteria by characterizing the 
totally bounded sets while the former does not seem to characterize the to¬ 
tally bounded sets. Besides, till now, compactness criteria are only presented 
for three particular fuzzy sets spaces, they both have assumptions of convex¬ 
ity or star-shapedness. In recent years, general fuzzy sets become more and 
more important in both theory and applications. Motivated by needs listed 
above, in this paper, we present characterizations of totally bounded sets, 
relatively compact sets and compact sets in the fuzzy sets spaces 
and equipped with Lp metric, where Fb(M™') and are two 

kinds of general fuzzy sets on M™' which do not have any assumptions of 
convexity or star-shapedness. Subsets of include common fuzzy 

sets such as fuzzy numbers, fuzzy star-shaped numbers with respect to the 
origin, fuzzy star-shaped numbers, and the general fuzzy star-shaped num¬ 
bers introduced by Qiu et ah The existed compactness criteria are stated 
for three kinds of fuzzy sets spaces endowed with Lp metric whose universe 
sets are the former three kinds of common fuzzy sets respectively. Construct- 
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ing completions of fuzzy sets spaces with respect to Lp metric is a problem 
which is closely dependent on characterizing totally bounded sets. Based on 
preceding characterizations of totally boundedness and relatively compact¬ 
ness and some discussions on convexity and star-shapedness of fuzzy sets, 
we show that the completions of fuzzy sets spaces mentioned in this paper 
can be obtained by using the Lp-extension. We also clarify relation among 
all the ten fuzzy sets spaces discussed in this paper, which consist of hve 
pairs of original spaces and the corresponding completions. Then, we show 
that the subspaces of Fb(]R™') and Fb(]R™')^ mentioned in this paper have 
parallel characterizations of totally bounded sets, relatively compact sets and 
compact sets. At last, as applications of our results, we discuss properties 
of Lp metric on fuzzy sets space and relook compactness criteria proposed in 
previous work. 

Keywords: Fuzzy sets; Compact sets; Totally bounded sets; Lp metric; 
Completions 


1. Introduction 

Compactness is a fundamental property in both theory and applications 
[isiEaiaQ]. The research of compactness criteria attracts much attention. 
It’s well-known that Arzela-Ascoli theorem(s) provide compactness criteria 
in classic analysis and topology. Fuzzy systems have been successfully used to 
solve many real-world problems PQ El El El ES]- Undoubtedly, compactness 
plays an important role in analysis and applications of fuzzy sets and sys¬ 
tems liEllIHlEniEglESlEe]. There exist many important and interesting 
works including [71 El El El El El ESI ESI EHl ESI EZ| which characterized 
compactness in fuzzy sets spaces equipped with different topologies. 

Since Diamond and Kloeden [S] introduced dp metric which is a Lp-type 
metric, it has become one of the most often used convergence structure on 
fuzzy sets. Naturally, people have started to consider characterizations of 
compactness in fuzzy sets spaces with dp metric. 

Diamond and Kloeden [8] gave compactness criteria for fuzzy number 
space U™ with dp metric. Ma [25] modihed the characterization given by 
Diamond and Kloeden. Convexity is a very useful property. Star-shapedness 
is a natural extension of convexity. Of cause, research on fuzzy counterparts 
of star-shaped sets has aroused the interest of people [HI 19] . Diamond [7| 
introduced the fuzzy star-shaped numbers as an extension of fuzzy numbers. 
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S'™ is used to denote the set of all fuzzy star-shaped numbers. Diamond [7j 
characterized the compact sets in (S™,(ip), where S'™ denotes the set of all 
the fuzzy star-shaped numbers with respect to the origin, i?™ and S'™ do 
not include each other. They both are subsets of S'™. 

Wu and Zhao |3S] pointed out that the compactness criteria for (T^™, dp) 
and (S'™, dp) in [3 E] have the same type of error and that the modihed 
compactness criteria in pa still has fault. They [35] gave right character¬ 
izations of compactness in (S'™, dp) and (i?™,dp). Based on the results in 
[3^ . Zhao and Wu [37| further proposed a characterization of compactness 
in (S'™, dp). In these discussions, it is found that the concepts “p-mean equi- 
left-continuous” and “uniformly p-mean bounded” proposed by Diamond and 
Kloeden p] and Ma pa. respectively, play an important role in establishing 
and illustrating characterizations of compactness in fuzzy sets spaces with dp 
metric. 

Compare the characterizations in |35j [37] to Arzela-Ascoli theorem, we 
hnd that the latter provides the compactness criteria by characterizing the 
totally bounded sets while the former does not seem to characterize the 
totally bounded sets. Since, in metric space, totally boundedness is a key 
feature of compactness, it is a natural and important problem to consider 
how to characterize totally bounded sets in fuzzy sets spaces with dp metric? 

The existing three compactness criteria in [^3 E7] are stated for three 
particular fuzzy sets spaces with dp metric. Fuzzy sets in these spaces have 
assumption of convexity or star-shapedness. It is worth noting that general 
fuzzy sets, which have no assumptions of convexity or star-shapedness, have 
attracted more and more attention in both theory and applications |2l |2Tl |36] . 
So this has caused a basic and important problem: how to characterize totally 
bounded sets, relatively compact set and compact sets in general fuzzy sets 
spaces endowed with dp metric? 

There is another motivation to think about the problem above. Clearly, 
there exists other types of particular fuzzy sets. For example, Qiu et ah [27] 
introduced the set of all general fuzzy star-shaped numbers, which is denoted 
by S'™. S'™ is a subset of S'™ which in turn is a subset of Fb(M™). If we 
characterize totally bounded sets, relatively compact sets and compact sets 
in general fuzzy sets spaces, then we can obtain parallel characterizations for 
particular fuzzy sets spaces immediately because the latter are subspaces of 
the former. 

Analysis of Diamond [5] indicates that (i?™,dp), (S'™, dp), (S™,dp) and 
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{S"^,dp) are not complete. Kriitschmer [32] presented the completion of 
dp) which is described by the support functions of fuzzy numbers. It 
is natural to consider a basic problem: what are the completions of all the 
rest spaces? Perhaps this question should be replaced by a more general 
question: how to generate the completions of fuzzy sets spaces with respect 
to dp metric? This problems are closely relevant to the problem of charac¬ 
terizing totally bounded sets and relatively compact sets in fuzzy sets spaces 
equipped with dp metric. 

In this paper, we want to answer all questions above. These questions 
are closely relevant to each other. It can even be said that they are different 
aspects of a same problem. To put our discussion in a more general set¬ 
ting which does not have any assumptions of convexity or star-shapedness, 
we consider which is the set of all normal, upper semi-continuous, 

compact-support fuzzy sets on M™". Further we introduce the Lp-extension of 
a fuzzy sets space. The Lp-extensions of (S'™, dp), (i?™, dp), (S'™, dp), (S'™, dp) 
and (FB(M™),(ip) are denoted by {S^’^,dp), {E^’P,dp), {S'^'^,dp), {S'^’P,dp) 
and (Fe(M™)^, dp), respectively. All the fuzzy sets spaces mentioned in this 
paper are subspaces of (Fb(M™)p, dp). We give characterizations of totally 
bounded sets, relatively compact sets, and compact sets in (Fb(M™), dp) and 
(Fb(M™)p, dp). Then it is proved that each Lp-extension mentioned in this 
paper is exactly the completion of its original space. Next, we show that the 
subspaces of (FB(M™),dp) and (FB(M™)P,dp) have parallel characterizations 
of totally bounded sets, relatively compact sets, and compact sets to that 
of them. Finally, as applications of our results, we consider properties of 
dp metric and relook characterizations of compactness proposed in previous 
work. 

The remainder part of this paper is organized as follows. Since dp metric is 
based on the well-known Hausdorff metric. Section 2 introduces and discusses 
some properties of Hausdorff metric. In Section 3, we recall and introduce 
some concepts and results of fuzzy sets related to our paper. Then, in Section 
4, we present characterizations of relatively compact sets, totally bounded 
sets and compact sets in (Fb(M™)p, dp). Section 5 shows that Fb(M™)^ is in 
fact the completion of Fb (M™) according to dp metric. Then we give char¬ 
acterizations of relatively compact sets, totally bounded sets and compact 
sets in (Fb(M™), dp). Based on the conclusions in Sections 4 and 5 and some 
discussions on convexity and star-shapedness of fuzzy sets, in Section 6, we 
show that dp), (L'™’^, dp), (L™’^, dp) and (L™’^, dp) are exactly the com- 
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pletions of {S^,dp), {E'^,dp), {S"^,dp) and {S"^,dp), respectively. We clarify 
relation among the ten fnzzy sets spaces discnssed in this paper. As conse- 
qnences of preceding resnlts, it follows characterizations of totally bonnded 
sets, relatively compact sets and compact sets in these spaces. Section 7 gives 
some applications of the resnlts in onr paper. At last, we draw conclnsions 
in Section 8. 

2. The Hausdorff metric 

Let N be the set of all natnral nnmbers, Q be the set of all rational 
nnmbers, M™' be m-dimensional Enclidean space, be the set of all 

the nonempty compact and convex sets in M™', K{ME) be the set of all 
nonempty compact set in M”*, and be the set of all nonempty closed 

set in M™. The well-known Hansdorff metric H on C{W^) is defined by: 

H{U, V) = max{H*{U, V), H*{V, U)} 

for arbitrary U,V E C'(]R™’), where 

H*{U,V) = snp d{u,V) = snp inf d{u,v). 

u&U 

Proposition 2.1. (C'(]R™'), if) is a complete metric space in which 

and are closed subsets. Hence, K{MH) and ore also com¬ 

plete metric spaces. 

Proposition 2.2. A nonempty subset U of is compact 

if and only if it is closed and bounded in {K{MH),H). 

Proposition 2.3. fUf Let {un} C K{W^) satisfy ui ^ U 2 ^ ^ Un ^ ■ 

Then u = E K{MH) and H{un,u) —)■ 0 as n ^ oo. 

On the other hand, if ui E U2 C ... C C ... and u = u:ri e 
K{MH), then H{un,u) —)■ 0 as n ^ oo. 

A set K E K(W^) is said to be star-shaped relative to a point x E K 
if for each y E K, the line xy joining x to y is contained in K. The kernel 
ker 77 of A' is the set of all points x E K snch that xy <Z K for each y E K. 
The symbol is nsed to denote all the star-shaped sets in M™'. 

Obvionsly, Kc(^'^) C Ks{W^). It can be checked that ker K E Kc{W^) 
for all K E Ks{R^). 
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We say that a sequence of sets {C'„} converges to C, in the sense of 
Kuratowski, if 


C = lim inf Cn 

n^oo 


lim sup Cn, 

n^oo 


where 


lim inf Cn = {x E X : x = lim Xn, Xn E Cn}, 

n^oo n^oo 


lim sup Cn 

n—^oo 


oo _ 

{x E X : a; = lim Xn^,Xn^ E = H U 

n=l m>n 


In this case, we’ll write simply C = lim^^oo Cn{K). 

The following two known propositions discuss the relation of the con¬ 
vergence induced by Hausdorff metric and the convergence in the sense of 
Kuratowski. The readers can see m for details. 

Proposition 2.4. Suppose that u, Un, n = 1,2,.. ., are nonempty compact 
sets in MX. Then H{un, n) —)■ 0 as n ^ oo implies that u = lim„^oo Un{K). 


Proposition 2.5. Suppose that u, Un, n = 1,2,..., are nonempty com¬ 
pact sets in and that Un, n = 1,2,..., are connected sets. If u = 
liiUn^oo Un{K), then H{un,u) —)• 0 as n ^ oo. 

Theorem 2.1. Ks{M^) is a closed set in {K{M^), H). 


Proof. Suppose that u E K{M^) and H{un,u) — ?• 0 as 

n —)■ cx). In the following, we will prove that u E Ks{M^). 

Choose Xn E Ker Un, n = 1,2,..., then there exists an N such that 
Xn E U for all n > N, where U := {y : d{y,u) < 1}. Note that f/ is a 
compact set, we know that there is a subsequence {xnf} of {xn} such that 


lim,_ 


.Xr. 


So Xq E lim sup 


n—^cx) ^n. 


= Xq 

2.4| that Xq E u. 

Now, we show that u is star-shaped and Xq 
that 

\xo + (1 — X)z E u 


it then follows from Proposition 


E ker u. It suffices to show 


for all z G M and A G [0,1]. In fact, given z E u, since u = hminf„_,.oo Un, 
there is a sequence {zn : Zn E Unj such that lim„^oo Zn = z. Hence, for each 
A G [0,1], 


Axo + (1 — A)z = lim Ax„. + (1 — A)z„. G lim sup 


and thus, by Proposition 2.4, Axq + (1 — X)z E u. 


□ 
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Corollary 2.1. Letu,Un be star-shaped sets, n = 1,2,.... IfH{un,u)^0, 
then limsup„_^oo kerUn C keru. 


Proof. From the proof of Theorem 2.1, we get the desired results. 


Remark 2.1. We do not know whether Theorem 2T and Corollary |2.1 
known conclusions, so we give our proofs here. 


□ 

are 


3. The spaces of fuzzy sets 

In this section, we recall and introduce various spaces of fuzzy sets in¬ 
cluding fuzzy numbers space, fuzzy star-shaped numbers space and general 
fuzzy star-shaped numbers space. Some basic properties of these spaces are 
discussed. 

We use to represent all fuzzy subsets on i.e. functions from 

to [0,1]. For details, we refer the readers to references |9l |3l]. 2®"* := 
{S' : S' C M™} can be embedded in F{W^), as any S' C MF can be seen as its 
characteristic function, i.e. the fuzzy set 



1, X G S', 
0, X ^ S'. 


For u G F(MF), let [u]a denote the a-cut of u, i.e. 


[u]a 


(x G : n(x) > a}, a G (0,1], 

suppn = {x G MF : u{x) >0}, a = 0. 


For u G F(MF), we suppose that 

(i) u is normal: there exists at least one xq G MF with u(xo) = 1; 

(ii) u is upper semi-continuous; 

(iii-1) u is fuzzy convex: u{Xx + (1 — X)y) > min{M(x),«(?/)} for x, ?/ G MF 
and A G [0,1]; 

(iii-2°) u is fuzzy star-shaped with respect to the origin, i.e., u{Xy) > u{y) 
for all y G MF and A G [0,1]. 

(iii-2) u is fuzzy star-shaped, i.e., there exists x G such that u is fuzzy 
star-shaped with respect to x, namely, u{Xy-\-{l — A)x) > u{y) for all y G M™' 
and A G [0,1]; 

(iii-3) Given a G (0,1], then there exists Xa G [u]a such that Xq y G [u]a for 
all y G [u]a, 
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(iv-1) [m]o is a bounded set in M™; 

(iv-2) ( Jg H{[u]a, {0})^ da j < +oo, where p > 1 and 0 denotes the origin 
of M”*; 

(iv-3) [u\a is a bounded set in when a > 0. 

• If M satishes (i), (ii), (hi-l) and (iv-1), then u is a fuzzy number. The 
set of all fuzzy numbers is denoted by 

• If M satisfies (i), (ii), (iii-2°) and (iv-1), then we say u is a fuzzy star¬ 
shaped number with respect to the origin. The set of all fuzzy star¬ 
shaped numbers with respect to the origin is denoted by S'™. 

• If M satisfies (i), (ii), (iii-2) and (iv-1), then we say u is a fuzzy star¬ 
shaped number. The set of all fuzzy star-shaped numbers is denoted 
by 

• If M satisfies (i), (ii), (iii-3) and (iv-1), then we say u is a general fuzzy 
star-shaped number. The set of all general fuzzy star-shaped numbers 
is denoted by S™. 


The definitions of fuzzy star-shaped numbers and general fuzzy star-shaped 
numbers were given by Diamond [9] and Qiu et al. [27], respectively. M™ can 
be embedded in E^, as any r G M™ can be viewed as the fuzzy number 


r{x) 


l,x = r, 
0, X 7^ r. 


We can see that ^ S'™ and S™ ^ E^. If u e S™, then nae(o i] ^ 

0, however this inequality may not hold when u G S'™. Clearly S'™ = {u G 

: 0 e n„e(o,i] ker [u] J. So E™, Sq™ C S™ C §™. 

In order to illustrate and prove the conclusions in this paper, we need to 
introduce Lp-type noncompact fuzzy sets. 

Let u G F(]R™). 

• If M satishes (i), (ii), (iii-1) and (iv-2), then we say u is a Lp-type 
noncompact fuzzy number. The collection of all such fuzzy sets is 
denoted by i?™’^. 

• If u satishes (i), (ii), (iii-2°) and (iv-2), then we say u is a Lp-type 
noncompact fuzzy star-shaped number with respect to the origin. The 
collection of all such fuzzy sets is denoted by S^’^. 


• If M satisfies (i), (ii), (iii-2) and (iv-2), then we say m is a Lp-type 
noncompact fuzzy star-shaped number. The collection of all such fuzzy 
sets is denoted by 

• If M satishes (i), (ii), (iii-3) and (iv-2), then we say m is a Lp-type 
noncompact general fuzzy star-shaped number. The collection of all 
such fuzzy sets is denoted by 

It’s easy to check that C C C and C S^’P. 

We can see a kind of Lp-type noncompact fuzzy sets is obtained by using 
weaker assumption (iv-2) to replace stronger assumption (iv-1) on the corre¬ 
sponding kind of compact fuzzy sets. So the latter is a subset of the former. 
We call this process Lp-extension. A kind of Lp-type noncompact fuzzy sets 
is called Lp-extension of the corresponding kind of compact fuzzy sets. 

Above eight kinds of fuzzy sets have assumptions of convexity or star¬ 
shapedness. In recent years, people pay more and more attention to general 
fuzzy sets from points of view of theoretical research and real-world appli¬ 
cations. For example, in the study of fuzzy differential equations |21 1^ . 
researchers consider fuzzy sets with no assumptions of convexity or star¬ 
shapedness. For this reason, we wish discussions in this paper can be put 
in a setting of general fuzzy sets which have no assumption of convexity or 
star-shapedness. So we introduce the following kinds of general fuzzy sets. 

Suppose u e E{ME). 

• If M satishes (i), (ii) and (iv-1), then m is a normal upper semi-continuous 
compact-support fuzzy set on The collection of all such fuzzy sets 
is denoted by Fb(M"*). 

• If M satishes (i), (ii) and (iv-2), then m is a normal upper semi-continuous 
Lp-type noncompact-support fuzzy set on M"*. The collection of all such 
fuzzy sets is denoted by Eb{W^)p. 

• If M satishes (i), (ii) and (iv-3), then m is a normal upper semi-continuous 
noncompact-support fuzzy set on M™'. The collection of all such fuzzy 
sets is denoted by Fgs(M™'). 

Clearly, Fb(M™')^ is the Lp-extension of Fe(]R"*). We can check that 

E^, S'™ C L'" C L"* C Eb{R^), 

E'^’P, C S^’P C S^’P C Fb(M™)^’, 
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Fb(M"^) C Fb(M™)p C Fgb(W)- 

Diamond and Kloeden [S] introduced the dp distance (1 < p < oo) on S'™' 
which is dehned by 


dp {u, v) 



( 1 ) 


for all G S'™. Note that u G F(M™) satishes assumption (ii) is equivalent 
to [u]a G C(M™) for all a G (0,1]. So dp distance (1 < p < cxd) can be dehned 
on Fgb(W^)- But dp distance is not a metric on Fgb(M™) because dp{u,v) 
may equal +cxd for some u,v E FcBiMF)- It’s easy to check that dp distance, 
p > 1, is a metric on All the fuzzy sets spaces mentioned in this 

paper are subspaces of (Fb(]R™)p, dp). 

A kind of Lp-type noncompact fuzzy sets space endowed with dp metric 
is called Lp-extension of the corresponding compact fuzzy sets space with dp 
metric. So fuzzy sets spaces {E'^’P,dp), {Sl^'^,dp), {S'^’P,dp), {S^'^.dp) and 
(Fb(M™)p, dp) are the Lp-extensions of fuzzy sets spaces {E'^,dp), (S'™, dp), 
(S'^ydp), {S"^,dp) and (FB(M™),dp), respectively. 

Diamond and Kloeden [9] pointed out that {E"^,dp) is not a complete 
space. Their analysis also indicates that the four spaces (S'™, dp), {S"^,dp), 
{S"^,dp) and (FB(M™),dp) are not complete. Kratschmer [32] has given the 
completion of (i?™, dp) which is described by using support functions of fuzzy 
numbers. 

In the sequel of this paper, we show that the completion of every incom¬ 
plete fuzzy sets space mentioned in this paper is exactly its Lp-extension , 
i.e., their completions can be obtained by means of Lp-extension. 

Remark 3.1. It can be checked that for each u G Fb(M™)p, [u\a is a compact 
set when a G (0,1], and [m]o, the 0-cut, is the only possible unbounded cut¬ 
set. So we know that [u]^ G iLc(l^”^) for all u G L^™’^ and a G (0,1], and 
that [u]a G Ks{MF) for all u G L™’^ and a G (0,1]. 

Denote ker u := flaeio i] ^ (also see P, EZ])- It is easy 

to check that, given u G L™’^, then u G L™’^ if and only if ker u 7 ^ 0. 

The following representation theorem is used widely in the theory of fuzzy 
numbers. 
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Proposition 3.1. Given u G -E™, then 
(i) [m]a G for all X G [0,1]; 

(n) [m]a = n 7 <AN 7 for all A G (0,1]; 

(ill) Mo = U7>oN7- 

Moreover, if the family of sets {va ■ ol G [0,1]} satisfy conditions (i) 

through (Hi) then there exists a unique u G such that [m]a = v\ for each 

A G [0,1]. 

Similarly, we can obtain representation theorems for S'™, S™, S™, Fb(M™), 
S™’^, S™’P, S™’^ and Fb(]R™)^’ which are listed below and will be used 
in the sequel. 

Theorem 3.1. Given u G S™, then 

(i) [m]a G Ks(MM) for all A G [0,1], and 0 G fiasco,!] ^^r [«]„; 

(ii) [u\x = n 7 <AN 7 for all A G (0,1]; 

(ill) [n]o = U7 >oN7- 

Moreover, if the family of sets {va ■ a G [0,1]} satisfy conditions {i) 

through {Hi), then there exists a unique u G S™ such that [m]a = v\ for each 

A G [0,1]. 

Theorem 3.2. Given u G S™, then 

(i) [m]a G KsiR"^) for all A G [0,1], and fiasco,!] ^or [n]„ ^ 0; 

(ii) [n]A = fl.^<AN 7 for all A G (0,1]; 

(Hi) [m]o = U7>oN7- 

Moreover, if the family of sets {va '■ ot G [0,1]} satisfy conditions {i) 
through (iU), then there exists a unique u G S™ such that [m]a = v\ for each 
A G [0,1]. 

Theorem 3.3. Given u G S™, then 

(i) [m]a G Ks{R'^) for all A G [0,1]; 

(ii) [m]a = (\<x\u^for all A G (0,1]; 

(iii) [m]o = U7>oN7- 

Moreover, if the family of sets {va ■ a G [0,1]} satisfy conditions {i) 
through {Hi), then there exists a unique u G S™ such that [m]a = vx for each 
A G [0,1]. 

Theorem 3.4. Given u G Fb(M™), then 
(i) [m]a G K{W^) for all A G [0,1]; 
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(ii) [u]x = n 7 <AN 7 for all X G ( 0 , 1 ]; 

(Hi) [m]o = U7>oN7- 

Moreover, if the family of sets {va : a G [0,1]} satisfy conditions {i) 
through {iii), then there exists a unique u G Fb(M™) such that [m]a = vx for 
each X G [0,1]. 

Theorem 3.5. Given u G then 

(i) [m]a G Kc{W^) for all X G (0,1]; 

(ii) [u\x = n 7 <AN 7 for all X G (0,1]; 

(iii) [m]o = U 7 >oN 7 / 

(iv) (iaj <+CX). 

Moreover, if the family of sets {va '■ o G [0,1]} satisfy conditions {i) 
through {iv), then there exists a unique u G such that [m]a = vx for each 
X G [0,1]. 

Theorem 3.6. Given u G then 

(i) [u]x G Ks{M.^) for all X G (0,1] and 0 G fiasco,!] ^or [«]«; 

(ii) [m]a = n 7 <AN 7 for all X G (0,1]; 

(iii) [u]o = U 7 >oN 7 / 

(iv) if([M]„,{0})^’daj ^ <+CX). 

Moreover, if the family of sets {va : a G [0,1]} satisfy conditions (i) 
through {iv), then there exists a unique u G such that [m]a = vx for each 
X G [0,1]. 

Theorem 3.7. Given u G then 

(i) [m]a G Ks{W^) for all X G (0,1] and fiasco,!] ^or [u\a 7 ^ 0; 

(ii) [m]a = f|^<AN 7 for all X G (0,1]; 

(iii) [u]o = U 7 >oN 7 / 

(iv) (^/g^i7([M]a,{0})J’daj <+CX). 

Moreover, if the family of sets {va '■ a G [0,1]} satisfy conditions {i) 
through {iv), then there exists a unique u G such that [m]a = vx for each 
X G [0,1]. 

Theorem 3.8. Given u G 5'™’^, then 

(i) [m]a G Ks{R'^) for all X G (0,1]; 

(ii) [m]a = fl 7 <AN 7 for all X G (0,1]; 
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(in) [u]o = U 7 >oN 7 / 

(iv) (^/g^iy([M]a,{0})P daj <+CX). 

Moreover, if the family of sets {va ■ a G [0,1]} satisfy conditions (i) 
through {iv), then there exists a unique u G such that [m]a = v\ for each 
A G [0,1]. 

Theorem 3.9. Given u G then 

(i) [m]a G K{W^) for all X G (0,1]; 

(a) [«]a = n 7 <AN 7 for all A G (0,1]; 

(til) Mo = U7>oN7/ 

(iv) H{[u]a, {0})^ daj ^ <+oo. 

Moreover, if the family of sets {va ■ cx G [0,1]} satisfy conditions {i) 
through {iv), then there exists a unique u G Fb(M™')^ such that [m]a = vx for 
each A G [0,1]. 

4. Characterizations of relatively compact sets, totally bounded 
sets and compact sets in {FB{^'^)r, dp) 

In this section, we present a characterization of relatively compact sets in 
fuzzy sets space (Fb(M”^)p, dp). Based on this, we then give characterizations 
of totally bounded sets and compact sets in (Fb(M™')^, dp). 

The topic of characterizations of compactness of fuzzy sets spaces with 
dp metric has been studied for many years. The following two concepts are 
important to establish and illustrate characterizations of compactness, which 
are introduced by Diamond and Kloeden |H] and Ma izg. 

Definition 4.1. Let u G Fb(]R™)p. If for given e > 0, there is a S{u, e) > 
0 such that for all 0 < h < 6 

H{[u]a,[u]a-h)^ da^ <e, 

where 1 < p < +cx7, then we say u is p-mean left-continuous. 

Suppose that U is a nonempty set in If the above inequality 

holds uniformly for all u E U, then we say U is p-mean equi-left-continuous. 

Definition 4.2. A set U C is said to be uniformly p-mean 

bounded if there is a constant M > 0 such that dp{u, 0) < M for all u E U. 
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It is easy to check that U is uniformly p-mean bounded is equivalent to 
U is a bounded set in (Fb(M™')p, dp). 

Diamond mi characterized the compact sets in {E"^,dp) and (S'™, dp). 

Proposition 4.1. A dosed set U of {E"^,dp) is compact if and only if: 
(i) {No '.uEU}is hounded in (dr(M™),id); 

(a) U is p-mean equi-left-continuous. 


Proposition 4.2. ^ A closed set U of {S^,dp) is compact if and only if: 
(i) (No '.u&U}is hounded in {K{EE‘),H); 

(a) U is p-mean equi-le ft-continuous. 


Ma [25] found that there exists an error in Proposition |4.1| and modihed it 
to following Proposition 4.3 For the convenience of writing, let u G E{ME), 
Ma used the symbol to denote the fuzzy set 


u 


(«)i 


x) 


u{x), if u{x) > a, 
0, if u{x) < a. 


Proposition 4.3. IWf A closed set U of (if™, dp) is compact if and only if: 
(i) U is uniformly p-mean hounded; 

(a) U is p-mean equi-le ft-continuous; 

(Hi) For {uk\ C U, if : fc = 1,2,...} converges to u{h) G if™ in dp 
metric for any h > 0, then there exists a Uq E if™ such that Uq^^ = u(h). 

Wu and Zhao |2S] pointed out there still exists fault in compactness char¬ 


are all wrong and then gave right forms of compactness criteria for (if™, dp) 
and (S'™, dp). 

Proposition 4.4. A dosed set U of (if™, dp) is compact if and only if: 
(i) U is uniformly p-mean hounded; 

(a) U is p-mean equi-le ft-continuous; 

(Hi) Let Vi he a decreasing sequence in (0,1] converging to zero. For {uk} C 
U, if : k = 1, 2,...} converges to u{ri) G if™ in dp metric, then there 

exists a uq E if™ such that = [u{ri)]a when ri < a < 1. 

Proposition 4.5. A closed set U of (S'™, dp) is compact if and only if: 
(i) U is uniformly p-mean hounded; 

(a) U is p-mean equi-le ft-continuous; 


acterization given by 
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(in) Let he a decreasing sequence in (0,1] converging to zero. For {uk} C 
U, if : k = 1,2,...} converges to u{ri) G S'™ in dp metric, then there 
exists a uq & S™ such that = [u{ri)]a when Vi < a < 1. 


Based on Proposition 4.5 
ness criteria of (S™,(ip). 


Zhao and Wu 133 further presented compact- 


Proposition 4.6. J3^ A closed set U of (S™, dp) is compact if and only if: 
(i) U is uniformly p-mean hounded; 

(a) U is p-mean equi-left-continuous; 

(Hi) Let Vi he a decreasing sequence in (0,1] converging to zero. For {uk} C 
U, if {u^k'^ : /c = 1,2,...} converges to u{ri) G S™ in dp metric, then there 
exists a Uq ^ S™ such that = [u{ri)]a when Vi < a < 1. 

Compare Propositions |4.4||4.5[ |4.6| with Arzela-Ascoli theorem, we notice 
that the latter provides the compactness criteria by characterizing the totally 
bounded set while the former does not seem to do so. Since totally bound¬ 
edness is a key feature of compactness, it is a basic and important problem 
to consider characterizations of totally bounded sets in fuzzy sets spaces. In 
order to obtain characterization of totally bounded sets in (Fb(]R™)^, dp), we 
hrst give a characterization of relatively compact sets in (Fe(M™)^, dp). 

Some fundamental conclusions and concepts in classic analysis and topol¬ 
ogy are listed below, which are useful in this paper. The readers can see |3] 
for details. 


• Lebesgue’s Dominated Convergence Theorem. Let {fn} be a 
sequence of integrable functions that converges almost everywhere to 
a function /, and suppose that {/„} is dominated by an integrable 
function g. Then / is integrable, and j f = hm„_,.oo / fn- 

• Fatou’s Lemma. Let {fn} be a sequence of nonnegative integrable 
functions that converges almost everywhere to a function /, and if the 
sequence {/ /„} is bounded above, then / is integrable and / / < 
lim inf / fn 

• Absolute continuity of Lebesgue integral. Suppose that / is 
Lebesgue integrable on E, then for arbitrary £ > 0, there is a d > 0 
such that fj^fdx<e whenever A E and m{A) < 6. 
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• Minkowski’s inequality. Let p > 1, and let f,g be measurable 
functions on M such that |/|^ and \g\^ are integrable. Then \ f + g\P is 
integrable, and Minkowski’s inequality 



holds. 

• A relatively compact subset F of a topological space X is a subset whose 
closure is compact. In the case of a metric topology, the criterion for 
relative compactness becomes that any sequence in Y has a subsequence 
convergent in X. 

• Let (X, d) be a metric space. A set in X is totally bounded if and 
only if for each £ > 0, it contains a hnite ^-approximation, where an 
^-approximation to is a subset S of U such that p{x, S) < e for each 
X eU. 

• Let (X, d) be a metric space. Then a set 17 in X is relatively compact 
implies that it is totally bounded. For subsets of a complete metric 
space these two meanings coincide. Thus (X, d) is a compact space iff 
X is totally bounded and complete. 

We start with some lemmas which discuss some properties of bounded 
subsets and elements of (Fe(M™)P, dp). 

Lemma 4.1. Suppose that U is a bounded set in (Fb(M™')^, dp), then {[m]q, : 
u E U} is a bounded set in {K(MX), H) for each a > 0. 

Proof. If there exists an oq > 0 such that {[«]«(, : u E U} is not a bounded 
set in {K{MX),H). Then there is a u E U such that [u]aQ ^ K{MX) or 
{[ujog : u E U} is a unbounded set in K(MX). For both cases, there exist 
Un E U such that H{[un]aoy {0}) > when n = 1, 2,..., and hence 

^Jq H{[un\a, {0})^ dctj > n, which contradicts the boundness of U. □ 

Lemma 4.2. Suppose that u E Fe(]R™')^ and a E (0,1], then H{\u]a^ [u]^) —>■ 
0 as —)■ a—. 

Proof. The desired result follows immediately from Theorem |3.9| and Propo¬ 
sition 12.31 □ 
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Lemma 4.3. If u & then u is p—mean left-continuous. 


Proof. Given e > 0. Note that u G from the absolute continuity 

of Lebesgue integral, we know there exists an hi > 0 such that 


'•hi \ ^/P 

H{[u]a,{0}y da\ <e/3. 


( 2 ) 


Note that [u]^ G K(EF), then there exists an M > 0 such that H{[u]fn, {0}) < 
2 2 
M. This yields that 

Hi[u\a, [u]a-h) < H{[u]a, {0}) + H{[u]ci-h, {0}) < 2M (3) 

for all a > hi and h < hi/2. 

By Lemma 4.2,we know that H{[u]a-i [u]a-h) —t 0 when h —0+, it then 
follows from the Lebesgue’s dominated convergence theorem and ([^ that 

j-i \ i/p 

I H{[u]a,[u]ci-hTdaj -)-0 

when h —0+. Thus there exists an ^2 > 0 such that 

[ H{[u]o„[u]a-hy dc 
'hi J 


\ l/p 

[u]a-hy da ) < e/3 


(4) 


for all 0 < h < min{hi/2, h 2 }. 

Now combined ([^ and 0. we know that, for all h < h^ = min{hi/2, h 2 }, 

^ i/p 

H{[u]a, [u]a-hy da 

/•hi 

h / \J hi 


< 


'-Ip / ri \ i/p 

H{[u]a, [u]a-hy da] + ( / Hi[u\a, Na-h)^ da ) 


< 


< 


-hi 




1 /p 


H{[uy,{0}ydaj + 


r*hl 


\ 1/P 


H{[uy_h,{0}ydaj Fe/3 


-hi 




1/P 


da\ + 






1/P 


H{\uUy)}yda\ +e/3 


< e/3 + e/3 + e/3 = e. (5) 

From the arbitrariness of £, we know that u is p—mean left-continuous. □ 
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Now, we arrive at the main results of this section. The following theorem 
gives a characterization of relatively compactness in dp). 

Theorem 4.1. U is a relatively compact set in dp) if and only if 

(i) U is uniformly p-mean bounded; 

(a) U is p-mean equi-left-continuous. 


Proof. Necessity. If 1/ is a relatively compact set in (Fb( 1^’")^, dp). Since 


(F. 




\d. 


.pj is a metric space, it follows immediately that f/ is a bounded 
V^y,dp), i.e. U is uniformly p-mean bounded. 


set in {Fb 

Now we prove that U is p—mean equi-left-continuous. Given £ > 0. Since 
G is a relatively compact set, there exists an e:/3-net {ui,U 2 , ■ ■ -Un} of U. 
From Lemma 4.3, we know that {uk '■ k = 1,2, ...n} is p-mean equi-left- 


continuous. Hence there exists d > 0 such that 


\ i/p 

F{^[uk\cit /i)^ do. j 


< e/3. 


( 6 ) 


for all h G [0,d) and k = 1,2,... ,n. 

Given u G U, there is an Uk such that dp{u,Uk) < e/3, and thus, by (§. 
we know that for all h G [0, d). 



»i \ i/p 

H{[Uk]a, [Uk]a-hY da 1 -h 


F {^[Ukla—hj 


[u]a-hy da 


< e/3 e/3 e/3 = e. 


(7) 


From the arbitrariness of e and u E U, we obtain that U is p-mean equi-left- 
continuous. 

Sufficiency. If U satishes (i) and (ii). To show U is a. relatively com¬ 
pact set, it suffices to hnd a convergent subsequence of an arbitrarily given 
sequence in U. 

Let {un} be a sequence in U. To hnd a subsequence {vn} of {«„} which 
converges to u G Fb(M™')^ according to dp metric, we split the proof into 
three steps. 

Step 1. Kind 8. su.bs6qii6iicG of 8nd V G such thut 

([ 0 , 1 ]). ( 8 ) 
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Since U is uniformly p—mean bounded, by Lemma 4.1, {[«]« : m G t/} is 


a bounded set in K{W^) for each a G (0,1]. Thus, by Proposition 2.2, for 
each a > 0, {[m]q, : M G f/} is a relatively compact set in {K(W^), H). 

Arrange all rational numbers in (0,1] into a sequence gi, q 2 ,... ,qn, ■ ■ ■■ 
Then {un} has a subsequence such that converges to Uq^ G 

K{W^), i.e. H{[un^]q^,Uq-^) —)■ 0. If {wn^},..., {u'n'’} liave been chosen, we 
can choose a subsequence of {un'^} such that converges 

to Uqi^^-^ G K(W^). Thus we obtain nonempty compact sets Ug,,, k = 1,2,.... 
with Uq^ c Uq^ whenever qm > qi- 

Put Vn = for n = 1, 2,.... Then {vn} is a subsequence of {un} and 


-t 0 as n^oo 

for A; = 1, 2,.... Define {va : a G [0,1]} as follows: 


(9) 


Vn, = 


n 

u 




ae(0,l] 


a G (0,1]; 
a = 0. 


Then v^, a G [0,1], have the following properties: 

(i) v\ G K{W^) for all A G (0,1]; 

(ii) vx = ri 7 <A '^7 for all A G (0,1]; 


(hi) ^^o = U7>o'^7• 


In fact, by Proposition 2.3, we obtain that Va G K{W^) for all a G (0,1]. 
Thus property (i) is proved. Properties (ii) and (iii) follow immediately from 
the definition of Va- 

Define a function v : M"* —>■ [0,1] by 


n(a;) = <( 


^eUA>o'f^A, 

otherwise. 


Then v is a fuzzy set on 
that 


. From properties (i), (ii) and (iii) of Va, we know 

[v]a = Va- 

So n G Fgb(M^)- Clearly if the following statements (I) and (II) are true, 
then we obtain (1^, i.e. H{[vn]a, Ha) 0 ([0,1]). 
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(I) P{v) is at most countable, where P{v) = {a G (0,1) : {u > a} C [u]q,}, 
where {v > a} := U/3>aH/3- 

(II) If a G (0, l)\P(u), then 

H{[Vn\a, ['l']o) — )■ 0 as n — )■ CX). (10) 


Firstly, we show assertion (I). Let D{v) := {a G (0,1) : [njo, ^ {n > a} }. 
Notice that P{v) C D{v) (In fact, it can be checked that P{v) = D{v)). By 
the conclusion in Appendix of [21], D{v) is at most countable. So P{v) is at 
most countable. 

Secondly, we show assertion (II). Suppose that a G (0, l)\P(n), then from 
Proposition 2.3, P([n]^, [njc) —)■ 0 as /? —>■ a. Thus, given £ > 0, we can find 
a 5 > 0 such that H{ug, Va) < £ for all g G Q with \q — a\ < S. So 

H*{[Vn\a,Vc,) < H*{[Vn\q^,Va) < H* {[Vn\qi, Uq^) + £ 

for qi G Q n (a — h, a). Hence, by 0 and the arbitrariness of £, we obtain 

H*{[Vn\a,Va) ^ 0 {n ^ oo). (11) 

On the other hand, 

K]«) < H*{Va, Klga) < H* {Uq^, Klga) + ^ 
for g 2 £ Q O (a, a + 5). Hence, by (|^ and the arbitrariness of £, we obtain 

H*{Va, [Vn]a) -)■ 0 (u -)■ Oo). (12) 


Combined with (11) and (12), we thus obtain (10). 


Step 2. Prove that 




i/p 


H{[Vn]a,[v]aT da] -)■ 0 . 




(13) 


Given e > 0. It can be deduced that, for all h <1/2, 

rh \ l/P 

H{[Vn]a, [v]aY da 


< 


\ 1/P / ph \ 1/P / ph 

H{[Vn]a,[Vn]a+hY daj +lj P( K]a+/x, H a+ft)^ da J +lj H{[v]a+h,[v]ay da 
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-2/i \ 1/P / r2h 

H{[Vn]fi-hA^n]l3Y dfi] + 

1/p 


\ 1/P 

^(K]/3, H/lF C^/^j + 

1/p 


r-2h 


dp 

1/p 


< W^)” d/sj " + d/s) " + ff(|!.]^, d/)) 

(14) 

Since U is p-mean equi-left-continuous, there exists an h G (0,1/2) such that 

^1 \ i/p 

H{[vn]i3-h,W]!iy dp] <e/A (15) 


for all n = 1,2,.... From ([^, we know if n —)• cx) then H{[vP\p-hi 
H{[v\p-h, W\p) a.e. on /3 G [h, 1]. So, by Fatou Lemma, we have 

H{[v\p-hPv\py dp\ < Iminf ( / H{[vn]p-hPvn]py dp\ < e/4, 

(16) 

Note that [n„]/i and [v]h are contained in {[«]„: m G f/} which is compact, 
it thus follows from the Lebesgue’s dominated convergence theorem and 
that 

r-l \ i/p 

H{[vn]a, [vyy daj -)■ 0 

as n —)■ oo. Hence there is an N{h,e) such that 


-1 \ i/p 

mivja, li’lo)’’ da] < e/4 


(17) 


for all n > N. 


Combined with ( [l4| , ( [15| ), ( [16| ), and ( [17| ), it yields that 
-1 \ i/p 

Hi[Vn\a, [vyy da\ 

ah \ 1/P / pI \ 1/P 

HdVnlaPvyy da\ + ij H{[Vn\aPv]ay da 
< e/4 + H{[Vn]a, Ha)^ dtt^ + e/4 + H{[Vn]a, [vyy da^ 


< 


1/p 


1/p 
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< e 


for all n > N. Thus we obtain (13) from the arbitrariness of e. 


Step 3. Show that V E Fi 




Dm\p 


By (13), we know that there is an N such that 

i/p 


and then 


< 


da^ 

pI \ 1/P 

/ H{[v]a,[vN]ay da] + 


H{[v]a,[vN]ay da^ < 1 , 


1/p 


HiMaAojy da 


1/p 


< 1 + 


\ 1/p 

H{[vN]a,{0}y daj < +CX). 


By properties (i),(ii) and (hi) of Va and Theorem 3.9, this yields that v E 




From steps 1, 2 and 3, we know that for arbitrary sequence {un} of U, 
there exists a subsequence {n„} of {un} which converges to V E FsiMJ^y. 


This means that f/ is a relatively compact set in (Fj 




y,dp 


□ 


By using the characterization of relatively compact sets in (F) 


B\ 


y, dy 

given in Theorem 4.1, we can derive characterizations of totally bounded sets 
and compact sets below as consequences. 


Theorem 4.2. U is a totally bounded set in dp) if and only if 

(i) U is uniformly p-mean bounded; 

(a) U is p-mean equi-left-continuous. 


Proof. Notice that it only use the totally boundedness of U to show the 

So the desired conclusion follows 

□ 


necessity part of the proof of Theorem 4.1 


immediately from Theorem 4.1 


Theorem 4.3. Let U be a subset of (Fb(]R™')i’, dp), then U is compact in 

(Fb(M"*)i’, dp) if and only if 

(i) U is uniformly p-mean bounded; 

(a) U is p-mean equi-left-continuous; 

(Hi) U is a closed set in dp). 


Proof. 


The desired result follows immediately from Theorem 4.1 


□ 
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5. Relationship between {Fb{M.'^), dp) and dp) and prop¬ 

erties of {Fb{M.'^), dp) 


In this section, we show that {Fb{MF‘)p, dp) is the completion of (Fb(M™'), dp), 
and then present characterizations of totally bounded sets, relatively compact 
sets and compact sets in (Fb(M”^), dp). 

Diamond and Kloeden [5] pointed out that {E"^,dp) is not a complete 
space. Ma 1251 gave the following example to show this fact. Let 


Unix) 


e ^, if 0 < X < n, 
0, otherwise. 


Then {un} is a Cauchy sequence in iE^,di) fl (S'o,di). Put 


f e if 0 < X < +CXD, 

[ 0, otherwise. 


then it can be checked that u G and Un converges to u in 

di metric. Note that E^,Sq C C C Eb(M}), it yields that none of 
iE^,di), iSl,di), (S'^,di), (S'^,di) and (FB(M^),di) is complete. Along this 
way, we can show that none of iE"^,dp), (S'™, dp), (S™,dp), (S'™, dp) and 
(FB(M™),dp) is complete. 

First, we do step by step to show that the completion of (Fb(M™), dp) is 
exactly its Lp-extension (Fe(M™)^, dp). Two facts are first proved which are 
exhibited in Theorems 15.II and 15.21 


Theorem 5.1. (Fb( 


hm\p 


, dp) is a complete space. 


Proof. It suffices to prove that each Cauchy sequence has a limit in (Fb(]R™)^, dp 
Let {un : n G N} be a Cauchy sequence in (Fb(M™)p, dp), we assert that 
{un : n G N} is a relatively compact set in (Fb(]R™)^’, dp). 

To show this assertion, by Theorem 4.1, it is equivalent to prove that 
{un : n G N} is a bounded set in (FB(M™)^,dp) and that : n G N} is 
p-mean equi-left-continuous. The former follows immediately from the fact 
that {un : n G N} is a Cauchy sequence. 

To prove the latter, suppose e > 0. Since : n G hJ} is a Cauchy 
sequence, there exists an G N satisfies that dpiun, Um) < £/3 for all n,m> 

N. By Lemma 4.3| {uk : 1 < k < N} is p-mean equi-left-continuous, hence 
we can find an h > 0 such that 


\ i/p 

Hi[uk]a-h, [Uk]a)^ daj < e/3 


(18) 
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for all 1 < A; < iV. If A; > A^, then 


-1 \ i/p 

hA([^fc]a—h) [^fc]a)^ doi 


< 


' h 
rl 


dd(,[^k\a—h^ [^Af]a—h)^ dOi 


1 /p 


+ 


< e/?> + e/?> + e/?> = e. 


-1 \ i/p / j-i 

hA( ["UTYja—h) do. j ~^ ( / dd 

(19) 


From the arbitrariness of e and ineqs. (18) and (19), we know that : n G 
N} is p-mean equi-left-continuous. 

Now, from the relatively compactness of {un '■ n G N} in (Fb(M™)^, dp), 
there exists a subsequence {un^. : k = 1,2,...} of {un : n G N} such that 
limfc_^ooW„^ = M G Fe(]R'")P. Note that : n G N} is a Cauchy sequence, 
we thus know that n = 1, 2,..., also converges to u in (Fb(M™')^, dp). 

The proof is completed. □ 


Remark 5.1. By Theorems 4.1 and 4.2, a set U in (Fb(M™')p, dp) is totally 
bounded if and only if it is relatively compact. This fact alone can ensure 
that (Fb(M”^)p, dp) is complete. 

Theorem 5.2. Fb(]R™) is a dense set in (Fb(]R™')^, dp). 

Proof. Given u G Fb(M™')^. Put Un = n = 1, 2,.... Then 


Urt. rv — 


[ti]a, if a > 1/n, 
[u\i/n, if a < l/n, 


for all a G [0, 1]. Notice that [uri\o = Mi/n G K{W^). It thus follows from 
Theorems 3.4| and 3.9 that Un G Fb{W^) for n = 1, 2,.... 

Since u G Fb(M”^)^, we know id([ti]o, {0})^ daj < -1-cx), thus, by 
the absolute continuity of the Lebesgue’s integral, it holds that, for each 
£ > 0, there is a d(e:) > 0 such that 


r.5 \ i/p 

H{[u\a,{0})^daj < e. 


(20) 


Note that 

dp{u.iri, u) 


-l/n \ 

H{[u]i/n, Ma)^ da j 


|P da 
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< 


< 2 



H{[uU{0}Y daj 


\ i/p 


^1/n 


+ 


\ i/p 

H{[u]i/n,m7 da] 


H{[uU{0}y da] 


\ i/p 




it then follows from ineq. (p0| that dp{un,u) —)• 0 as n —)■ oo. 

So, for each u G we can find a sequence {«„} C Fe(M™') such 

that Un converges to u. This means that Fe(M”^) is dense in □ 


Remark 5.2. From the proof of Theorem 5^ we know the following fact. 
Given u G Fb(M™')^, then g Fb(]R™) for each n G N, and dp{u^^^'^\u) —)■ 

0 as n —)■ oo. 

Now, we get relationship between (Fb(]R™')^, dp) and (Fb(M™'), dp). 
Theorem 5.3. (Fb(M’")^’, dp) is the completion o/(F b(M”^), dp). 


Proof. The desired result follows immediately from Theorems 5.1 and 5.2 


□ 


Next, we exhibit some characterizations of totally bounded sets, relatively 
compact sets and compact sets in (Fb(M™'), dp) which are consequences of the 
conclusions in Section 4. 

Theorem 5.4. Let U C Fb(]R™'), then U is totally bounded in {Fb{W^), dp) 
if and only if 

(i) U is uniformly p-mean hounded; 

(a) U is p-mean equi-left-continuous. 

Proof. Note that Fe(M™') C Fe(M”^)^, we thus know U C Fe(M™') is a 
totally bounded set in (FB(M™'),dp) if and only if G is a totally bounded 
set in (Fb(M™')^, dp). So the desired conclusion follows immediately from 
Theorem 14.21 □ 

Given U G Fe(M™’)^, for writing convenience, we use U to denote the 
closure of U in (Fb(M"*)p, dp). 

Theorem 5.5. Let U C Fb(M"^), then U is relatively compact in (Fb(M™'), dp) 
if and only if 

(i) U is uniformly p-mean bounded; 

(a) U is p-mean equi-left-continuous; 

(ill) UcFbCMF). 
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Proof. The desired conclusion follows immediately from Theorem 4.1 and 


the obvious fact that 


CF 




^m'^p 


□ 


Theorem 5.6. Let U C Fb(MF), then U is compact in (Fb(]R™), dp) if and 
only if 

(i) U is uniformly p-mean hounded; 

(a) U is p-mean equi-left-continuous; 

(ill) U = U. 


Proof. The desired result follows immediately from Theorem |4. 3 


□ 


Condition (iii) in Theorem 5.6 involves the closure of U in the completion 
space (Fb(M™')^, dp). We intend to hnd another characterization of compact¬ 
ness that depends only on U itself, which is the last result of this section. 
To establish this new characterization of compactness, we need the following 
concept. 

Let Br := {x G : ||a;|| < r}, where r is a positive real number. 
denotes the characteristic function of Br- Given u G Fb(M™'), then uV Br & 
Fb(MF). Dehne 


I I r 

\u\ : = 


»i _ _ \ i/p 

H{[u V Br]a, [Br]a)^da\ 


It can be checked that, for u G Fb(M”^), ImI'' = 0 if and only if [m]o C Br 
Note that 

H{[u V Br]a, [v V Br]a) < H{[u]a, Ha), 

it thus holds that 


dp{u, v) > I \uf — |n| 


( 21 ) 


Theorem 5.7. Let U C Fb(M™'), then U is relatively compact in (Fb(M™'), dp) 
if and only ifU satisfies conditions (i), (ii) in Theorem f.l and the following 
condition (Hi'). 

(iii') Given {un : n = 1, 2, ...} C f/, there exists a r > 0 and a subsequence 
{Vn} of {Un} such that hm„^oo I'^nT = 0. 


Proof. Suppose that t/ is a relatively compact set but does not satisfy 
condition (iii'). Take r = 1, then there exists > 0 and a subsequence 
{un'^ : n = 1,2,...} of {un '. n = 1,2,...} such that > ei for all 
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n = 1,2,.... If {tin ^}, ■ • •, {un ^} and positive numbers £i,..., have been 
chosen, we can hnd a subsequence of {un'^} and Sk+i > 0 such that 

|_^p:+i)|fc+i ^ n = 1,2,_ Put Vn = u'n'^ for n = 1,2,_ Then 

{vn} is a subsequence of {«„} and 

liminf > Sk (22) 

n^oo 




for A; = 1, 2,.... Let n G F, 
follows from (21) and (22) that 


be a accumulation point of {n„}. It then 


> > 0 


for all A; = 1, 2,.... So we know v ^ Fb(]R”^). This contradicts the fact that 
U is a. relatively compact set in (Fb(M™'), dp). 

Suppose that U C (Fb(M™'), dp) satishes condition (iii'). Given a sequence 




hm\p 


Then, from 


there exists a 


{un] in U with lim„^oo Un = u G Fj 
r > 0 such that lim^^go \unY = \u\^ = 0. Hence [n]o C i.e. u G Fb(JSF). 


So, by Theorem 4.1, we know that if U meets conditions (i) 
then f/ is a relatively compact set in (Fb(M™'), dp). 


(ii) and (hi' 


□ 


Theorem 5.8. Let U be a set in Fe(]R”^), then U is compact in (Fb(M™'), dp) 
if and only ifU is closed in (FB(M"*),dp) and satisfies conditions (i), (ii) and 


(in') in Theorem 5.1 


Proof. The desired result follows immediately from Theorem 5.7 


□ 


6. Subspaces of (Fb(M”^)p, dp) 

We have already shown that (Fb(M™')^, dp) is the completion of (Fb(M™'), dp). 
We might expect that (F™'’^,dp), (S'™’^,dp), dp) and dp) are the 

completions of (F™',dp), (S'™, dp), (S'™, dp) and (S'™, dp), respectively. In this 
section, we prove that this is true and discuss relationship among all these 
fuzzy sets spaces. The conclusions are summarized in a hgure. Then, by 
using these conclusions and the results in Sections and we gives charac¬ 
terizations of totally boundedness, relatively compactness and compactness 
of all subspaces of (Fb(M™)p, dp) mentioned in this paper. 

First, we give a series of conclusions on relationships among subspaces of 
(Fb(M™)^, dp), which will be summarized in a hgure. 
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Theorem 6.1. is a closed set in (ip). 


Proof. It only need to show that each accnmnlation point of 5"*’^ belongs to 
itself. Given a sequence {«„} in S'™’^ with limu^ = u E then clearly 

H{[Un\a,[u]a) 0 ([0,1]). SuppOSe that a G (0,1]. If H{[Un\a,[u]a) 0, 

then by Theorem 2 . 1 , [u\a E Ks(^'^). If H{[un]a, Mq) 0, then there exists 
a sequence jSn —t a— such that [m]^„ G KsiMF). Note that [u]a = flnN/^n; 
this implies that [u\a E Ks(MF). So we have u E □ 

Theorem 6.2. S'"* is a dense set in (S'"*’^, (ip). 

Proof. Given u E S”*’^. Put Un = n = 1,2,.... Then {«„} C S^. 


From Remark 

(^™’Gdp). 


5.2 


we know that dp{un, u) —)■ 0 as n —)■ (X). So S'"* is dense in 

□ 


Theorem 6.3. S'"*’^ is a closed subset of , dp). 

Proof. To show that S"*’^ is a closed set in (S'”*’^, dp), let {un} be a sequence 
in S"*’^ which converges to u G S'"*’^, we only need to prove that u E S”*’^. 

Since dp{un, n) = ^ H{[un]a, [u]a)^ da^ —)■ 0, it holds that 

H{[un]a, [u]a) “t 0 a.e. on [ 0 , 1 ]. (23) 

Hence {ker : n = 1, 2,...} is a bounded set in (iF(M"*), H), and therefore 

lim sup ker Un 7 ^ 0 . (24) 


We assert that 


lim sup ker Un C ker [u]^ for all a G (0,1]. 

n^oo 


So, from (24) and (25), we know 


0 7 ^ lim sup ker Un C 

n^oo 


Pi ker [u]a 
« 6 ( 0 , 1 ] 


ker u. 


( 25 ) 


It thus follows from Theorem 13 . 71 that u E S'”*’^. 








Now we prove (25). The proof is divided into two cases. 

Case 1. a G (0,1] satisfies the condition that H{\uri\a, Mo) —^ 0. 

In this case, by Corollary |2.1| , we have that 

limsupker C limsupker [wnjo C ker [«]„. 

n^OO 71^00 

Case 2. a E (0,1] satishes the condition that H{[un]a, Mo) M 0- 
By (23), we know that there is a sequence G (0,1], n = 1,2,..., such that 
and H{[un\a„, Ma„) —t 0. From case 1, we obtain that 


+00 


lim sup ker C ker 


u 


72=1 


Note that H{[u]a, Mon) 0? so, by Corollary 2.1 


limsupker [u\a„ C ker [«]„, 


(26) 


(27) 


combined (26) and (27), we get that 

limsupker Un C ker [u]a- 


□ 

Corollary 6.1. Suppose that {un} is a sequence in and that u G 

If dp{un,u) -E 0, then u G and hmsup„_^o^ kerun C keru. 

Proof. The desired result follows immediately from the proof of Theorem 

□ 


Corollary 6.2. {S"^,dp) is a closed subspace of {S"^,dp). 


Proof. The desired result follows immediately from Corollary 6.1 
Theorem 6.4. S'"* is a dense set in (S'"*’^, dp). 


Proof. The proof is similar to the proof of Theorem 5.2 


□ 


□ 


Theorem 6.5. {E^’P,dp) is a closed subspace of {S"^’P,dp 


Proof. By Proposition 2.1, we know that (iFc(M"*), if) is a closed set in 
{Ks{W^), H). In a way similar to the proof of Theorem 6.3| we can obtain 
the desired result by using this fact. □ 
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(5o^ d^), d) ^ (S'”, d) ^ (S'”, d) ^ (F,(R'”), d) 


(5^, (£-^ ^ ^ (5-^ J^,) ^ (F,(i?”)^ d^) 

Figure 1: Relationship among various subspaces of (F{R^)P,dp). 

A < B denotes that A is a closed subspace of B and A —> B means that B is the 
completion of A. 


Corollary 6.3. (E"',dp) is a closed subspace of (S"',dp). 


Proof. The desired results follows immediately from Theorem 6^ 
Theorem 6.6. is a dense set in (E"'’P,dp). 


Proof. The proof is similar to the proof of Theorem 6.4 


Theorem 6.7. (S''^'‘P,dp) is the completion of (S'''', dp). 

Proof. The desired result follows from Theorems 5.1[ 6.1 6.2 
Theorem 6.8. (S''''^,dp) is the completion of (S'"', dp). 


Proof. The desired result follows from Theorems |6.3[ |6.4 6.7 
Theorem 6.9. (E"'’P,dp) is the completion of(E"',dp). 


Proof. The desired result follows from Theorems |6.5[ |6.6 6.8 


□ 


□ 


□ 


□ 


□ 


From Corollary |6.1 and Remark 5.2 we can obtain the following two 
theorems. 

Theorem 6.10. is the completion of(S)f,dp). 

Theorem 6.11. (S^,dp) is a closed subspace of (S'", dp). 

Figure [T] summarizes all the above results in this section. 

Kratschmer [32] presented the completion of (E'",dp) which is generated 
and described via the support functions of fuzzy numbers. In this paper, 
we hnd that the completions of (E'",dp), (Slf,dp), (S'", dp), (S'", dp) and 
(Eb{M.'"), dp) can be obtained by means of Lp-extension. To a certain extent, 
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completions illustrated in this form are more concise and clear and so more 
easy to perform theoretical research and practical application. 

Now, based on these statements about relationship among subspaces of 
{F{W^y, dp), and characterizations of compactness given in Sections 4 and 5, 
we intend to give characterizations of totally bounded sets, relatively compact 
sets and compact sets in subspaces of {F(MF’)P,dp). 

Theorem 6.12. Let U C (U C , U C S^’P, UjZ S'^’P), then U is 
totally bounded if and only if it is relatively compact in {S"^’P, dp) ({E^’P, dp), 
{Sy'’^,dp), {S^’P,dp)), which is equivalent to 
(i) U is uniformly p-mean hounded, and 
(a) U is p-mean equi-left-continuous. 


Proof. Note that in a complete space, a set is totally bounded if and only 
if it is relatively compact. So the desired results follow from Theorems 4.1 
and the completeness of {S^’P,dp), {E^’P,dp), {Sy’^,dp) and {S"^’P,dp). □ 


Let U C S^’P {U C E^’P, U C So’y U C It is easy to see that U 

is exactly the closure of U in S'^’P {E'^’P, S^’P, S'^’P). 

Theorem 6.13. Let U he a set in {S'^’P, dp) ({E'^’P, dp), dp), {S'^’P, dp)), 

then U is compact in {S'^’P,dp) ({E”^’P,dp), {Sy'’P,dp), {S'^’P,dp)) if and only 

y 

(i) U is uniformly p-mean hounded; 

(a) U is p-mean equi-left-continuous; 

(ill) U = U. 


Proof. The desired results follow immediately from Theorem |6. 12 


□ 


Theorem 6.14. Let U C S'™' (U C T^™, U C S™, U C S'™j, then U is 
totally bounded in {S'^,dp) ({E'^,dp), {S(f',dp), {S'^,dp)) if and only if 
(i) U is uniformly p-mean bounded; 

(a) U is p-mean equi-left-continuous. 


Proof. The desired conclusion follows immediately from Theorem 4^ 
Theorem 6.15. Let U C S'™ (U C E' 


□ 


U C sy, U C S^), then U is 


Let Ud S' 

relatively compact in {S"^,dp) ({E"^,dp), {Sy,dp), {S"^,dp)) if and only if 
(i) U is uniformly p-mean hounded; 

(a) U is p-mean equi-left-continuous; 

(ill) U (ZS^ (U G E^,U G S^, U C 5™;. 


31 







Proof. 


The desired conclusion follows immediately from Theorem 6.12 


□ 


Theorem 6.16. Let U C S'™' (U C i?™, U C S'™, U C S'™j, then U is 
compact in {S"^,dp) ({E'^,dp), {S^,dp), {S^,dp)) if and only if 
(i) U is uniformly p-mean hounded; 

(a) U is p-mean equi-left-continuous; 

(m) U = U. 


Pro^f. 

of {S^’P 


The desired results follow from Theorem |4.3 and the completeness 
, dp), (E^’P, dp), dp) and (S^’P, dp). □ 


Theorem 6.17. Let U C S'™ (U C i?™, U C S'™, Lf C S'™j, then U is 
relatively compact in {S^,dp) ({E'^,dp), {S^,dp), {S^,dp)) if and only if 
(i) U is uniformly p-mean hounded; 

(a) Lf is p-mean equi-left-continuous; 

(in') Given {un : n = 1,2,...} G Lf, there exists a r > 0 and a suhsequence 
{Vn\ of {Un} such that lim^^^oo \Vnf = 0. 


Proof. Note that Fb(M™) fl S™’^ = S^‘ 

^m,p _ Qm 

applying Theorems |5.7 and 6.12 


B[ 


^) n E"^’P = E^ 


B[ 


n 


S'™’^ = S'™, Fb(M™) n S'™’^ = S'™, so we can obtain the desired results by 

□ 


Theorem 6.18. Let Lf he a set in S™ (T?™, S™, S™j, then Lf is compact in 
{S'^,dp) ({E^,dp), (S'™, dp), {S^,dp)) if and only if Lf is closed in {S'^,dp) 
({E"^,dp), {SJf‘,dp), {S"^,dp)) and satisfies conditions (i), (ii) and (Hi) in 
Theorem Ih.iTl 


Proof. The desired result follows immediately from Theorem 6.17 


□ 


7. Applications of the results in this paper 

In this section, by using results in this paper, we consider some properties 
of dp convergence on fuzzy sets spaces. Then we relook the characterizations 
of compactness presented in [35l |37] . 

Now we discuss properties of dp convergence from the point of view of 
level sets of fuzzy sets. 

Let {uk, k = 1,2,...} C EcBi^"^) and u G Fgb(M™). For writing 
convenience, the symbol H{[uk]a, Mo) 0 (P) is used to denote that 
H{[uk\a, [u\a) —)■ 0 as /c — )■ cxD holds almost everywhere on a G P. 
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Lemma 7.1. Suppose that {uk, k = 1,2,...} C Fgb(^'^), u G Fgb(^^) 
and a G (0,1]. Then dp{u^^\u) —)■ 0 is equivalent to 
(i) H{[uk]p, [u]^) 0 ([a, 1]). 

(a) i/([Mfc]a, [m]o) —)■ 0 and [u]^ = [u]a when 7 G [0,a]. 

Proof. The desired conclusion follows from the definition of dp metric and 


u 


(a) 


□ 


Remark 7.1. Take a G (0,1]. From Lemma [7T| we know that even if {uk} is 
a convergent sequence in (Fe(M"*)P, dp), is not necessarily a convergent 

sequence in (Fb(M”^)^, dp). The following example is given to show this fact. 
This example is a small change of Example 4.1 in [35] . 

Example 7.1. Consider a sequence : n = 1, 2,...} in defined by 

1 — 2a;, X e [0, |], 

3 ~ 2 (n+ 3 ) ~ 3) ’ ^ ^ [3’ 

0 , x^[0,1], 

2x, X G [0, |], 

~ (n+ 3 ) ~ 3) ’ ^ ^ [3’ 


Un(x) = 


Un(x) = 


n = 1,3,5, ... , 


1 

1 

!’ 

3 


n = 2,4, 6 ,... 


0, X ^ [0,1], 

It can be checked that dp{un,uo) —)■ 0, where 

1 — 2a;, a: G [0, |], 


Uo{x) = 


^ ^ [ 3 ’ 

a;^ [ 0 , 1 ]. 


( 1 ) 

So we know that {un} is a convergent sequence in {E^,dp). But {un } is a 
divergent sequence in {E^,dp). In fact, we can see that dp{u 2 n-i,v) —)■ 0 and 
dp{u 2 n ,w) —)■ 0, where 


1 — 2a;, a; G [0,1], 
0 , a;^[0 , |], 

1 — 2a;, a; G [0,1], 

X G [ 3 , 3 ], 

a;^ [0,1]. 



a;(a:) = 

w{x) = 

C“) 

Clearly, v ^w. Thus {un } is not a convergent sequence in {E^,dp). 
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Theorem 7.1. Suppose that U C Fgb(M^) satisfying that {[«]« : u E U} is a 
bounded set in KiMF) for each a G (0,1]. Let {ri,z = 1,2,...} he a sequence 
in (0,1]. Then given {un} C U, it has a subsequence {««*.} satisfying the 
following two statements. 

(i) There exists a uq G such that [uo]a) 0 ([0,1]). 

(a) There exist Uri,i = 1,2,.. in K(MF) such that H{[un,f\ri,Uri) —)■ 0 for 


each ri. 

Thus dp{unl\u{ri)) —)■ 0 for each r^, where u{ri) G i = 1, 2,.. 

is defined by 

[uo\a, aG(ri,l], 

Ur^, a E [0,ri 


Proof. Given {«„} C U. Since that {[n]a : n G f/} is a bounded set in 
K{MF) for each a E (0,1], then from the proof of Theorem 4.1, we know 

that {un} has a subsequence {un^} such that H{[unj]a^ [%]«) 0 ([0,1]), 

where mq is one of the elements in Fgb{^^)- 

Note that for each a > 0, {['u]o : n G f/} is a relatively compact set in 
(A"(M™'), if). Now, by using the diagonal method and proceed according to 
the proof of Theorem 4.1, we can choose a subsequence {un,^} of {un^} such 
that H{[un,.]ri, Ur^) -E 0 for each r*, where {ur^,i = 1, 2 ,...} is a sequence of 
elements in K(MF). 

So {urifc} is a subs equence of {unjwhich satishes statements (i) and (ii). 
Thus, by Lemma 


7.1 


we know that dp{unk ,u{ri)) 0 A- 


□ 


Remark 7.2. Suppose that U C Fb(M™')^ satishes conditions (i) in Theorem 


4.1, i.e., U is uniformly p-mean bounded. Let {r*, i = 1, 2,...} be a sequence 


in (0,1]. Then given C f/, there is a subsequence {un^} of {un} such 
that {un^} converges to u{ri) E Fb{ 

In fact, if G C Fb{ 

{[m]q : m G f/} is a bounded set in K(W^) for each a G (0,1]. So above 


in dp metric for each r^. 


''Y satishes conditions (i) in Theorem 4.1, then 


conclusion follows immediately from Theorem 7.1 


From Theorem 4.1|and Lemma 7.1, we can obtain two corollaries. 


Corollary 7.1. Suppose that {uk, /c = 1,2,...} C Fb(M’")^ andu G Fgb(M^)- 
Then statements (i) and (ii) listed below are equivalent. 

(i) There exists a decreasing sequence {ri,i = 1,2,...} in (0,1] converging 
to zero such that dp{u^^'\u^^^'>) —)■ 0 for all r^. 

(il) H{[Uk\a, Ma) 0 ([0, 1]). 
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Furthermore, ifU := {uk, k = 1,2,...} satisfies conditions (i) and (ii) in 


Theorem 4-T then above statements (i) and (ii) are equivalent to statement 
(Hi) below. 

(Hi) dp{uk,u) —>■ 0 and u G 


Corollary 7.2. Suppose that {uk, k = 1,2,...} C that {ri,i = 

1 , 2 ,.. .} is a decreasing sequence in ( 0 , 1 ] which converges to zero, and that 
u{ri) G i = 1,2, .... Then the following statements are equivalent, 

(i) dp{u^f'\u{ri)) —)■ 0 for all ri. 

Qj C’ 

(a) There exists a unique uq G Fgb such that H{[uk]a, [uo\a) 0 ([0,1]) 
and [tioja = = [u{ri)]a when r* < a < 1. Moreover, for each r*, 

H(\uk]ri, [“(^i)]r-J 0 and [^(ri)]^, = [u{ri)]e when 6 G [0,ri]. 

Furthermore, if U := {uk, k = 1,2,. ..} satisfies conditions (i) and (ii) 


in Theorem 4-1' then above statements (i) and (ii) are equivalent to below 
statement (Hi). 

(Hi) There exists a unique uq G Fb(M™')^ such that dp{uk,uo) —)■ 0 and 

K]a = = [u{ri)]a when Vi < a <1. Moreover, for eachri, H{[uk]r,, [“(ri)]^,) -)■ 

0 and [u{ri)]ri = ['u(rj)]e when 9 G [0,rj]. 

Remark 7.3. The readers can see uniEi] for more studies on this topic, 
which consider the relations between dp convergence and other types of con¬ 
vergence on fuzzy sets spaces. 

The foregoing results enable us to relook the characterizations of com¬ 
pactness proposed in previous work. 

Compare Theorem 6.13 with PropositionWe can see that, in contrast 
to the former, the latter has an additional condition (iii): 

Let Tj be a decreasing sequence in (0,1] converging to zero. For {uk} C U, 
if : k = 1,2,...} converges to n(rj) G in dp metric, then there 
exists a Mo £ E^ such that = [u{ri)\a when Vi < a < 1. 

The reason is that {E'^, dp) is not complete. The function of “conditions 
(iii)” in Proposition 4.4 is to guarantee completeness of the closed subspace 
{U,dp) of iE^,dp). 


In fact, if U satishes conditions (i) and (ii) of Proposition 4.4, then from 


Remark 7.2, given {uk} F U, there exists a subsequence {un^} of {uk} such 
that {uhfi'. k = 1,2,...} converges to uirf) G E^ in dp metric for each Uj. 
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Thus from Corollary 7.2, is a convergent sequence in rfp), and 

its limit point uq G is defined by 

[no]« = := [u{ri)\a when r* < a < 1, 

for each a G (0,1]. So it is easy to see that if U satishes conditions (i) and 
(ii) of Proposition |4.4| then condition (iii) in Proposition 4.4 is equivalent to 
U C 

Thus we know that Proposition 4.4| can be written in the following form: 
Proposition 4.4 A closed set U C {E"^,dp) is compact if and only if: 

(i) U is uniformly p-mean bounded; 

(ii) U is p-mean equi-left-continuous; 

(iii) U CE^ 


?m 


Similarly, Propositions 4.5 and 4.6 can be written as: 


Proposition 4.5 A closed set U in {Sjp, dp) is compact if and only if: 

(i) U is uniformly p-mean bounded; 

(ii) U is p-mean equi-left-continuous; 

(iii) U cSJp. 

Proposition 4.6 A closed set U in {S"^, dp) is compact if and only if: 

(i) U is uniformly p-mean bounded; 

(ii) U is p-mean equi-left-continuous; 

(iii) U C 


8 . Conclusions 

We give a characterization of totally boundedness for fuzzy sets space 
endowed with dp metric. This is the key result of this paper. To prove this 
conclusion, we introduce the Lp-extension of a fuzzy sets space. Then we 
present a characterization of relatively compactness in (Fb(M™')^, dp) which 
is the Lp-extension of (Ls(M"*), dp). It’s shown that this characterization 
is also a characterization of totally boundedness in (Fe(M™’)^, dp). From 
this fact, we know that this characterization is a characterization of totally 
boundedness in any subspaces of (Fb(]R™)^, dp) because totally boundedness 
is dependent only on the set itself and the metric dp. From this fact, we 
can also deduce that (Fb(]R"*)p, dp) is the completion of (Fb(M™'), dp). Based 
on this, we give characterizations of relatively compactness and compactness 
in (Fb(M”^), dp), (Fb(M'")^, dp) and their subspaces. It is found that the 
completion of each fuzzy sets space mentioned in this paper is precisely its 
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Lp-extensions. Relationship among all the spaces mentioned in this paper 
are clarihed and summarized in a hgure. At last, as applications of results 
in this paper, we discuss some properties of dp convergence and relook char¬ 
acterizations of compactness proposed in previous work. 

Since the input-output relation of fuzzy systems can be described using 
fuzzy functions [201 ESI ES|, the results in this paper can be used to analysis 
and design fuzzy systems. Compactness criteria is used to solve fuzzy differ¬ 
ential equations so this topic is a potential application of our results. 
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